
SUPPLEMENTARY FILE:
On the Regularization Balance in Autoencoder-Based

Generative Models

1. Extra Empirical Results

Randomly generated samples and the example training images are shown in Figure 1. The
original 128× 128 resolution ground-truth images and the downsampled versions at 64× 64
resolution are shown in Figure 1a and 1b. The visual qualities are quite similar. If we zoom
in to see details, the downsampled images are only slightly more blurry. However, the FID
difference between these two versions of the training datasets are almost 40, as shown in
Table 2 of the main paper (the FID of any image set with an exact copy will equal zero).
This indicates that the FID score is very sensitive to tiny blurriness artifacts. So a relative
high FID for a VAE model does not necessary mean that the visual quality is bad, nor that
sample diversity is poor. From Figure 1c to 1f, we show randomly generated samples of
different methods without cherry picking. VAE+ obviously generates samples with the best
visual quality.

2. Network Structure and Experimental Settings

For the MNIST dataset, the encoder has 6 feed-forward layers while the decoder has 3
residual blocks, each containing two layers. All the hidden layers have 200 dimensions
followed by a hyperbolic tangent activation. We follow the training schemes of [3]. The
batch size is 20 and the learning rate is 0.001× 10(−i/7) for i ∈ {0, 1, ..., 7}. For each i, we
train the network for 3i epochs. There is no weight decay and the optimizer is Adam with
default settings of Tensorflow.

For the CelebA dataset, the network structure is shown in Figure 2. An AE is first
trained on the original dataset to transform it into a low-dimensional feature space, as illus-
trated in Figure 2(a). The details of the encoder network are in Figure 2(c) and the decoder
just flips the encoder structure. After this, we train a small VAE with skip connections as
shown in Figure 2(b). The parameters of the AE are fixed in this training stage. Then
we train a second-stage VAE on the latent code as proposed in [6] to warp the aggregated
posterior qφ(z) to a standard Gaussian distribution. The latent variable of the second stage
VAE is denoted as u. The structure of the second stage VAE is the same as the first stage
VAE (yellow part in Figure 2(b) and (d)). In the generation phase, we randomly sample
u from a standard Gaussian distribution and feed it through the decoder of the second
stage VAE and obtain z. Then we feed z thought the first stage VAE decoder and the AE
decoder successively and obtain the generated samples. Only the training set of the CelebA
dataset is used for training. The batch size is 128 and the network is trained 400 epochs
for each stage with learning rate 0.0001 and Adam optimizer.
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(a) Original 128× 128 resolution images.

(b) Downsampled 64× 64 resolution images.

(c) Random samples generated by multi-stage VAE [4] (Copied from their paper).

(d) Random samples generated by WAE-MMD.

(e) Random samples generated by VAE.

(f) Random samples generated by VAE+.

Figure 1: Ground-truth and generated image samples using full-resolution CelebA data
center-cropped to size 128× 128. The downsampled images in (b) are slightly more blurry
than the original images in (a) but the visual quality is roughly the same. However, the
FID score between the downsampled images and the original images is almost 40, as shown
in the main paper. Among all the generated samples, the VAE+ produces the best visual
quality in general.
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Figure 2: The encoder network for CelebA dataset. (a) We first train an unregularized AE.
(b) We then fix the AE network and train a small VAE network on the features. (c) The
details of the AE encoder network. The decoder network just flips this structure. The input
x is a 128×128×3 image. After 5 convolution layers with stride 2, we obtain a feature map
with shape 4× 4× 1024. A 1× 1 convolution layer is then adopted to transform the feature
map to 4 × 4 × 4. For 64 × 64 resolution images, we remove the last stride 2 convolution
layer such that the feature map is 4× 4× 512 before the 1× 1 convolution layer. (d) The
whole encoder network structure when training the VAE. The blue parts are fixed when
training the VAE part. Again the decoder network flips this structure.

3. Proof of Theorem 1

Proof Under the stated assumptions, the VAE cost can be further simplified as

L(θ, φ) =

∫ {
Eqφ(z|x)

[
1
γ ‖x−W xz − bx‖22

]
+ d log γ

+

κ∑
k=1

(
s2k − log s2k

)
+ ‖W zx+ bz‖22

}
µgt(dx)

=

∫ {
1
γ ‖x−W x (W zx+ bz)− bx‖22 + d log γ

+
κ∑
k=1

(
s2k − log s2k + 1

γ s
2
k‖wx,k‖22

)
+ ‖W zx+ bz‖22

}
µgt(dx), (1)

where wx,k denotes the k-th column of W x. Although this expression is non-convex in
each s2k, by taking derivatives and setting them equal to zero, it is easily shown that there
is a single stationary point that operates as the unique minimum. Achieving the optimum
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requires only that s2k =
[
1
γ ‖wx,k‖22 + 1

]−1
for all k. Plugging this value into (1) then leads

to the revised objective

L(θ, φ) ≡
∫ {

1
γ ‖x−W x (W zx+ bz)− bx‖22 (2)

+
κ∑
k=1

log
(

1
γ ‖wx,k‖22 + 1

)
+ d log γ + ‖W zx+ bz‖22

}
µgt(dx)

ignoring constant terms. Similarly we can optimize over µz = W zx + bz in terms of the
other variables. This is just a convex, ridge regression problem, with the optimum uniquely
satisfying

W zx+ bz = W>
x

(
γI +W xW

>
x

)−1
(x− bx) , (3)

which is naturally and affine function of x as required. Plugging (3) into (2) and applying
some linear algebra manipulations, we arrive at

L(θ, φ) ≡
∫ {

(x− bx)>
(
W xW

>
x + γI

)−1
(x− bx)

}
µgt(dx)

+
κ∑
k=1

log
(
‖wx,k‖22 + γ

)
+ (d− κ) log γ. (4)

Finally, the optimal bx is just the convex maximum likelihood estimator given by the
mean bx =

∫
xµgt(dx), and therefore by plugging this value into (4) and applying a standard

trace identity, we arrive at

L(θ, φ) = tr

[
Σgt

(
W xW

>
x + γI

)−1]
+
∑
j

log
(
‖wx,k‖22 + γ

)
+ (d− κ) log γ, (5)

where Σgt , Covµgt [x]. Hence we have thus far optimized s2, W z, bz, and bx out of the
model without encountering any local minima as of yet. However, the expression (5) that
remains is a highly non-convex function of W x where non-global/suboptimal local minima
may still be lurking.

We investigate this as follows. Because log
(
‖wx,k‖22 + γ

)
is a concave non-decreasing

function of ‖wx,k‖22, it can be expressed via the variational form

log
(
‖wx,k‖22 + γ

)
= min

ωk≥0

{
ωk‖wx,k‖22 − h∗(ωk)

}
, (6)

where h∗(ω) denotes the concave conjugate function [1] of h(u) , log(u + γ), u ≥ 0. This
formulation produces a strict upper bound once we drop the minimization, i.e.,

log
(
‖wx,k‖22 + γ

)
≥ ωk‖wx,k‖22 − h∗(ωk), ∀ωk ≥ 0. (7)

Now assume for the moment that W ′
x is some local minimum of (5) and that, for all k, we

have that

log
(
‖w′x,k‖22 + γ

)
= ω′k‖w′x,k‖22 − h∗(ω′k) (8)
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for some corresponding non-negative ω′k values. By the above variational construction we
are guaranteed that such ω′k will always exist. If W ′

x is truly a local minimum, then it must
also be a local minimum of the upper bound

L̄(θ, φ) , (9)

tr

[
Σgt

(
W xW

>
x + γI

)−1]
+

κ∑
k=1

[
ω′k‖wx,k‖22 − h∗(ω′k)

]
+ (d− κ) log γ.

Note that after optimizing away all the other variables, at the point W x = W ′
x, L̄(θ, φ) =

L(θ, φ), and yet by construction L̄(θ, φ) ≥ L(θ, φ) everywhere. Therefore if the bound is
not minimized at this point, then W ′

x cannot be a minimum to L(θ, φ).
Using the standard singular value decomposition, let W x = UΛV >, where U and V

are square orthonormal matrices and Λ is a positive semi-definite diagonal matrix. Any
minimum of L̄(θ, φ) or L(θ, φ) with respect to W x must also be a minimum with respect
to U , Λ, and V , otherwise we could smoothly alter one of these components to smoothly
change W x and reduce the cost. Now denote Ω as a zero-valued matrix with each ω′k placed
in the k-th diagonal position. Then we have that

κ∑
k=1

ω′k‖wx,k‖22 = tr
[
W>

xW xΩ
]

= tr
[
V Λ2V >Ω

]
. (10)

Because W xW
>
x = UΛ2U> is independent of V , minimization of L̄(θ, φ) need only involve

the term tr
[
V Λ2V >Ω

]
. Therefore, a necessary condition for any true local minimum is

that it must occur at a stationary point of the reduced problem

min
V

tr
[
V Λ2V >Ω2

]
, s.t. V >V = I. (11)

Using results from [2], it can be shown that the stationary points of (11) must occur when
V is a permutation matrix, at least assuming diagonal elements of Λ2 and Ω are distinct;
however, a simple continuity argument can be used to extend to the general case.

Proceeding further, if V must be a permutation matrix, then at any local minimum
with respect to V , it must be that ‖wx,k‖22 = λ2k, where λk is the k-th diagonal element of
Λ. From this observation we may infer that

min
ωk≥0

{
ωk‖wx,k‖22 − h∗(ωk)

}
= min

ωk≥0

{
ωkλ

2
k − h∗(ωk)

}
= log

∣∣Λ2 + γI
∣∣ ≡ log

∣∣∣UΛ2U> + γI
∣∣∣ . (12)

Since W xW
>
x = UΛ2U>, it then follows that any local minimum with respect to U and

Λ2 must also be a local minimum of the revised cost

L̃(θ, φ) , tr

[
Σgt

(
UΛ2U> + γI

)−1]
+ log

∣∣∣UΛ2U> + γI
∣∣∣ . (13)

It has been demonstrated in [9] that all local minima of this simplified objective are global,
with UΛ spanning the principal subspace of Σgt associated with eigenvalues larger than γ.
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Additionally, by Hadamard’s inequality [7] we have

log
∣∣∣UΛ2U> + γI

∣∣∣ = log
∣∣∣ 1γW>

xW x + I
∣∣∣+ d log γ (14)

≤
∑
k

(
1 + 1

γ ‖wx,k‖22
)

+ d log γ =
∑
k

log
(
‖wx,k‖22 + γ

)
+ (d− κ) log γ.

Therefore it must also be true that L̃(θ, φ) ≤ L(θ, φ), and so these global minima must also
be global minima to our original objective.

To recap, we have shown that any minimizing decoder weight matrix (local or global)
must satisfy W x = UΛP , where U is orthonormal, Λ is diagonal PSD matrix, and P is a
permutation matrix. Moreover, this W x must span the principle subspace of Σgt associated
with eigenvalues larger than γ. If µgt is confined to an r-dimensional affine space and γ → 0
becomes arbitrarily small, then

rank [W x] = rank [Λ] = rank [Σgt] = r, (15)

which also implies that W x can only have r nonzero columns. The elements of z associated
with these columns will therefore not contribute to the VAE data fit term, i.e., the first term
in (1). Therefore, only the remaining convex KL factors are left to dictate the the values
of µz = W zx+ bz and s2 along these indices. This will necessarily force the corresponding
elements of s2 to one and µz to zero at the optimum (rows of W z and elements of bz will
be set to zero to make this happen for all x). Consequently, κ− r superfluous dimensions
of z are effectively shut off, transmitting no information about x to the decoder.

The remaining elements of z behave quite differently and allow the reconstruction error

to converge to zero as γ → 0. Per previous arguments, s2k =
[
1
γ ‖wx,k‖22 + 1

]−1
for all

k. Therefore, if ‖wx,k‖22 > 0 for some k, as γ → 0 it follows that s2k → 0., collapsing
qφ (z|x) to a Dirac delta function along such a dimensions which ultimately facilitates zero
reconstruction error. More specifically, let W̄ x denote the nonzero columns of W x, and W̄ z

and b̄z the corresponding nonzero rows/elements of W z and bz respectively, all positioned
at some minimizing solution. Then in aggregate, the above analysis implies that at any
minimum,

lim
γ→0

∫
Eqφ(z|x)

[
‖x−W xz − bx‖22

]
µgt(dx) (16)

= Eqφ(z|x)

[∥∥x− W̄ x

(
W̄ z + b̄z

)
− bx

∥∥2
2

]
µgt(dx) = Eqφ(z|x) [0]µgt(dx) = 0,

meaning zero reconstruction error. Finally, this ultimately guarantees that we have achieved
balanced regularization at any minimum.

4. Proof of Theorem 2

Proof The variational upper bound is defined in (2) of the main paper. We define L(x; θ, φ)
as the loss at a data point x, i.e.

L(x; θ, φ) = −Eqφ(z|x) [log pθ(x|z)] + KL [qφ(z|x)||p(z)] . (17)
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The total loss is the integration of L(x; θ, φ) over x. Further more, we denote Lkl(x; θ) and
Lgen(x; θ, φ) as the KL loss and the generation loss at x respectively, i.e.

Lkl(x;φ) = KL [qφ(z|x)||p(z)] =
κ∑
i=1

KL [qφ(zj |x)||p(zj)] ,

=
1

2

κ∑
j=1

(
µ2z,j + σ2z,j − log σ2z,j − 1

)
(18)

Lgen(x;φ, θ) = −Eqφ(z|x) [log pθ(x|z)] . (19)

The second equality in (18) holds because the covariance of qφ(z|x) and p(z) are both
diagonal. The last encoder layer and the first decoder layer are denoted as hρe and h1

d. If
wρ
µz ,j· = 0,wρ

σ2
z ,j·

= 0, then we have

µz,j = wρ
µz ,j·h

ρ
e = 0, σ2z,j = exp (wσ2

z ,j·) = 1, q(zj |x) = N (0, 1). (20)

The gradient of µz,j and σz,j from Lkl(x;φ) becomes

∂Lkl(x;φ)

∂µz,j
= µz,j = 0,

∂Lkl(x;φ)

∂σz,j
= 1− σ−1z,j = 0. (21)

So the gradient of wρ
µz ,j· and wρ

σ2
z ,j·

from Lkl is

∂Lkl(x;φ)

∂wρ
µz ,j·

=
∂Lkl(x;φ)

∂µz,j
hρe
> = 0, (22)

∂Lkl(x;φ)

∂wρ
σ2
z ,j·

=
∂Lkl(x;φ)

2σz,j · ∂σz,j
hρe
> = 0. (23)

Now we consider the gradient from Lgen(x; θ, φ). We have

−∂ log pθ(x|z)

∂zj
=
−∂ log pθ(x|z)

∂h1
d

∂h1
d

∂zj
. (24)

Since

h1
d = act

 κ∑
j=1

w1
µx,·jzj

 , (25)

where act(·) is the activation function, we can obtain

∂h1
d

∂zj
= act′

 κ∑
j=1

w1
µx,·jzj

w1
µx,·j = 0. (26)

Plugging this back into (24) gives

−∂ log pθ(x|z)

∂zj
= 0. (27)
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According to the chain rule, we have

∂Lgen(x; θ, φ)

∂wρ
µz ,j·

= Ez∼qφ(z|x)

[
−∂ log pθ(x|z)

∂zj

∂zj
∂wρ

µz ,j·

]
= 0, (28)

∂Lgen(x; θ, φ)

∂wρ
σ2
z ,j·

= Ez∼qφ(z|x)

[
−∂ log pθ(x|z)

∂zj

∂zj
∂wρ

σ2
z ,j·

]
= 0. (29)

After combining these two equations with (22) and (23) and then integrating over x, we
have

∂L(θ, φ)

∂wρ
µz ,j·

= 0, (30)

∂L(θ, φ)

∂wρ
σ2
z ,j·

= 0. (31)

Then we consider the gradient with respect to w1
µx,·j . Since wµx,·j is part of θ, it

only receives gradient from Lgen(x; θ, φ). So we do not need to consider the KL loss. If
w1
µx,·j = 0, h1

d =
∑κ

j=1w
1
µx,·jzj is not related to zj . So pθ(x|z) = pθ(x|z¬j), where z¬j

represents z without the j-th dimension. The gradient of w1
µx,·j is

∂Lgen(x; θ, φ)

∂w1
µx,·j

= Ez∼q(z|x)

[
−∂ log pθ(x|z)

∂w1
µx,·j

]
= Ez∼q(z|x)

[
−∂ log pθ(x|z)

∂h1
d

zj

]
(32)

= Ez¬j∼q(z¬j|x)

[
Ezj∼N (0,1)

[
−∂ log pθ(x|z¬j)

∂h1
d

zj

]]
= Ez¬i∼q(z¬i|x)

[
−∂ log pθ(x|z¬j)

∂h1
d

Ezj∼N (0,1)[zj ]

]
= 0.

The integration over x should also be 0. So we obtain

∂L(θ;φ)

∂w1
µx,·j

= 0. (33)

5. Proof of Theorem 3

Proof To begin, we assume that h(u) is a concave, non-decreasing function defined on
the domain u ≥ 0. These are central characteristics of sparsity inducing penalty functions
[5, 8] and it is not difficult to show that additional flexibility does not gain us anything
in the present context. For convenience, we assume that h is differentiable everywhere,
although this condition can also be relaxed. We then focus on the case where the gradient
of h is bounded. Per these specifications, the largest gradient will necessarily occur at
h′(0) ≡ limu→0+ h

′(u). Note also that this limiting gradient cannot equal zero; otherwise
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we trivially default to a flat penalty function such that all solutions have equal cost and the
theorem guarantee is unattainable right from the start.

From here, the basic idea is to construct a counterexample that satisfies the conditions
of the theorem, and yet involves a simple network structure that, if h′(u) is bounded around
zero, is unable to minimize the stated objective using at most r nonzero rows of Z while si-
multaneously achieving zero reconstruction error. To this end, consider the two-dimensional
latent representation z = [z1, z2]

> and a single-parameter decoder that computes

fθ(z) = θπ (z1) + (1− θ)
[
z1
z2

]
, (34)

where θ ∈ Ω , [0, 1] is a scalar parameter, t : R → [0, 1] truncates its argument to the
interval between zero and one and π : [0, 1] → S ⊂ [0, 1]2 is for now an arbitrary function
defined on the stated interval. Per this construction, the decoder can be viewed as a tunable
mixture weighted by θ, and for either θ = 0 or θ = 1, the range of the decoder fθ(z) is
contained within the unit square [0, 1]2.

Now suppose we have training samples {x(i)}ni=1 that were produced via the generative
process

z
(i)
gt ∼ p (zgt) and x(i) = π

(
t
[
z
(i)
gt

])
(35)

for some prior p (zgt) on the ground-truth latent variable zgt ∈ R. Furthermore, assume that

the function π is such that for all t [zgt] ∈ [C, 1] with constant C < 1,

[
x1
x2

]
= π (t [zgt])

satisfies 0 < |xj | < ε for j = 1, 2, with ε > 0 arbitrarily small. We also stipulate that p (zgt)
places all (or almost all) of its probability mass such that t [zgt] ∈ [C, 1], which implies that
the observed training points will all be arbitrarily close to zero.

Given this observed data, we can then evaluate the optimal AE for different penalties
h. We allow that the encoder is sufficiently complex such that

min
φ
Lh(θ, φ) = min

Z
h

(
1
dn

n∑
i=1

∥∥∥x(i) − fθ
(
z(i)
)∥∥∥2

2

)
+ 1

d

κ∑
k=1

h
(

1
n ‖zk‖

2
2

)
, (36)

where in the present context κ = d = 2, and as mentioned in the main text, zk represents
the k-th row of Z. This arrangement is equivalent to simply assuming that the encoder is
capable of computing the minimizing z(i) for each index (i.e., we have removed amortized
inference). We adopt this assumption for simplicity of exposition, but the same conclusions
can be drawn in broader conditions.

To achieve zero reconstruction under the stated conditions using only r = 1 nonzero
rows of Z, we must choose θ = 1. In this restricted setting, the optimal Z will satisfy
1
n‖z1‖

2
2 ≥ C2 and 1

n‖z2‖
2
2 = 0 such that the overall objective value will be

min
φ
Lh(θ = 1, φ ∈ Φ) = h(0) +

1

2

[
h(0) + h

(
1
n‖z1‖

2
2

)]
≥ 3

2
h(0) +

1

2
h
(
C2
)
, (37)

where Φ is the set of φ that lead to zero reconstruction error. In other words, within the
current setup, the constraints θ = 1 and φ ∈ Φ are necessary conditions for any solution to
achieve balanced regularization.
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But now suppose we choose θ = 0. In this revised situation, the optimal unconstrained
Z will satisfy 1

n‖z1‖
2
2,

1
n‖z1‖

2
2 ≤ ε2. The associated cost then becomes

min
φ
Lh(θ = 0, φ) = h(0) + 1

2

2∑
k=1

h
(
1
n‖zk‖

2
2

)
≤ h(0) + h

(
ε2
)
. (38)

At this point, without loss of generality assume that h
(
C2
)

= 1 and h (0) = 0, which can be
accomplished by simply translating and rescaling the overall cost. Because limu→0+ h

′(u)
is bounded, the gap between h(0) and h

(
ε2
)

can be made arbitrarily small for ε sufficiently
small. In contrast, the gap between h

(
ε2
)

and h
(
C2
)

can be arbitrarily close to one.
Therefore, it follows that if our data was generated with ε sufficiently small, then

min
φ
Lh(θ = 1, φ ∈ Φ) ≥ 1

2 > min
φ
Lh(θ = 0, φ) ≈ 0, (39)

and so the unique solution achieving zero construction error with a single active latent
variable cannot be the global optimum. Or equivalently, any globally optimum solution will
not exhibit balanced regularization.

Note that the situation would be completely different if h(u) = I[u > 0], meaning an
indicator function that equals zero if u = 0 and one for all u > 0. In this case, it is obvious
that minφ Lh(θ = 1, φ ∈ Φ) = 1

2 while all other solutions will be such that Lh(θ, φ) ≥ 1. But
of course this h does not have a bounded gradient everywhere because of the discontinuity
at zero.

High-level picture: While this is obviously a toy counterexample designed with a
specific technical purpose in mind, it is nonetheless emblematic of situations that may nat-
urally arise in practice. For example, it is easy to envision scenarios where data is lying on a
complex r-dimensional manifold that is contained within a larger (r+ s)-dimensional man-
ifold (or possibly subspace) that has much simpler structure. Perfectly reconstructing such
data could be accomplished using only r degrees-of-freedom or (r + s) degrees-of-freedom
depending on whether the low- or high-dimensional manifold was accurately modeled. But
unless we have a penalty function with a strong preference for lower-dimensional structures,
then the network may well favor or converge to the simpler, higher-dimensional alternative.
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